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Abstract
For a continuous poset P , let ω(P ) and λ(P ) be the lower topology and the Lawson topology on
P , respectively. In this paper, we constructively prove in the set theory ZFDCω (the theory obtained
by adjoining the axiom of ω dependent choices to the Zermelo–Fraenkel set theory) that if all lower
closed subsets in (P,λ(P )) are closed in (P,ω(P )), then (P,λ(P )) is a strictly completely regular
ordered space. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
In topology and lattice theory, much attention has been given in the last thirty years to
continuous posets (see [2–4,6]). In [5], Lawson has proposed the following:
Problem. Let P be a continuous poset endowed with the Lawson topology. Is P a strictly
completely regular ordered space?
For a continuous poset P , let ω(P) and λ(P ) be the lower topology and the Lawson
topology on P , respectively. The aim of this paper is to prove in the set theory ZFDCω
that if all lower closed subsets in (P,λ(P )) are closed in (P,ω(P )), then (P,λ(P )) is a
strictly completely regular ordered space.
The present approach differs from that of Lawson [5] mainly in its constructivity.
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2. Preliminaries
In this section we collect some well-known notation, definitions and results needed in
the paper. The reader wishing more details can consult [2,5]. In what follows the symbol
ω denotes the ordinal number of the set of natural numbers.
Let P be a poset. The dual of P is denoted by P op. For x ∈ P and A ⊆ P , we define
↓x = {y ∈ P : y 6 x} and ↓A=⋃{↓a: a ∈A}; dually, we define ↑x and ↑A. A subset A
is called an upper (lower) set if A=↑A (A=↓A).
The topology generated by the collection of sets P\↓x (as subbasic open subsets) is
called the upper topology on P and denote it ν(P ). The lower topology ω(P) on P
is defined dually, i.e., ω(P) = ν(P op). If P is directed complete, then we can define a
topology σ(L) by U ∈ σ(P )⇔ U =↑U and for each directed set D ⊆ P , supD ∈ U ⇒
D∩U 6= ∅. σ(L) is called the Scott topology on P . The topology λ(P )= ω(P)∨ σ(P ) is
called the Lawson topology on P . Let λ(P )↓ = {U ∈ λ(P ): U =↓U} and λ(P )↑ = {U ∈
λ(P ): U =↑U}. Clearly, ν(P )⊆ σ(P ), ω(P)⊆ λ(P )↓, and σ(P )⊆ λ(P )↑.
For a directed complete poset P , we define a binary relation (called the way below
relation) on P by x y if and only if for each directed subset S ⊆M , y 6∨S⇒ x 6 s
for some s ∈ S; for x ∈ P , define ⇓x = {y ∈ P : y x} and ⇑x = {y ∈ P : x y}.
Definition 2.1. A directed complete poset P is called continuous if ⇓x is directed and
x =∨ ⇓x for each x ∈ P .
The following result is well known (see [2]).
Lemma 2.2. Let P be a continuous poset.
(1) The relation on P satisfies the following interpolation property:
For all x, y ∈ P with x y, there exists a z ∈ P such that
x z y. (INT)
(2) ⇑x ∈ σ(P ) for all x ∈ P .
For a poset (P,6) and a topology δ on P , the triple (P,6, δ) is called a partially
ordered topological space. We customarily denote (P,6, δ) simply by (P, δ). The order
6 on P is semiclosed if ↓x and ↑x are closed in (P, δ) for each x ∈ P . A⊆ P is called
order convex if A =↓A∩ ↑A; (P, δ) is called strongly order convex if it has a basis of
open convex subsets.
Definition 2.3. Let (P, δ) be a partially ordered topological space. We say that (P, δ) is a
strictly completely regular ordered space if
(1) the order on P is semiclosed, and
(2) (P, δ) is strongly order convex, and
(3) given a nonempty closed lower (respectively upper) set A and a point x /∈ A, there
exists a continuous monotone function f : (P, δ)→[0,1] such that f (A)= {0} and
f (x)= 1 (respectively f (A)= {1} and f (x)= 0).
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Let P be a directed complete poset and L be a complete lattice. A map f :P → L
is called a D-morphism if f preserves directed joins and arbitrary existing meets. If f
preserves directed joins and has a lower adjoint, then we call it a strong D-morphism. Let
ID↑(P,L) = {f :P → L | f is a D-morphism} and let HomD(P,L)= {f :P → L | f is
a strong D-morphism}. Clearly, HomD(P, [0,1])⊆ ID↑(P, [0,1]).
Suppose we are given a poset S and a family of maps F = {fi :S→ [0,1] | i ∈ I }. We
say that F strongly separates the points of S if for every pair of elements x, y ∈ S with
x 6 y , there exists a fi ∈F such that fi(x) > fi(y).
3. The main results
Lemma 3.1. Let P be a continuous poset. Then σ(P )= λ(P )↑.
Proof. The statement has been proved for continuous lattices in [2, Proposition III-1.6],
and the same proof carries over to this setting. 2
Definition 3.2 (The axiom of ω dependent choices—DCω). Let X be a set, let u ∈X and
let R be a binary relation on X. If for every x ∈ X there is a y ∈ X such that xRy , then
there is a sequence {xn: n < ω} ⊆X such that x0 = u and xnRxn+1 for all n < ω.
DCω was proposed by Bernays [1] in 1942 as a weaker version of the axiom of choice.
We use the symbol ZFDCω to denote the theory obtained by adjoining DCω to ZF (the
Zermelo–Fraenkel set theory). The theory obtained by adjoining AC (the axiom of choice)
to ZF will be denoted by ZFAC.
Now, we proceed to the main results of this paper.
Theorem 3.3 (ZFDCω). Let P be a continuous poset. If ω(P) = λ(P )↓, then (P,λ(P ))
is strictly completely regular ordered space.
Proof. Obviously, (P,λ(P )) is strongly order convex and the order on P is semiclosed.
Now we show that (P,λ(P )) satisfies condition (3) in Definition 2.5. Suppose that x ∈ P ,
A ∈ λ(P )↑ ∪ λ(P )↓\{∅}, and x /∈A.
Case 1: A=↑A. Since ω(P)= λ(P )↓, we have A ∈ ω(P). Therefore, there is a family
{Fi : i ∈ I } of finite subsets of P with A=⋂i∈I ↑Fi ; and hence x /∈↑Fi for some i ∈ I .
For each y ∈ Fi , since y =∨⇓y 6 x , there is a u y such that u 6 x . Let B be the set of
dyadic rational numbers in [0,1], then by Lemma 2.2(1) and the axiom DCω , there exists
a family {y(b): b ∈B} ⊆ P such that
(i) y(0)= u, y(1)= y , and
(ii) y(b1) y(b2) whenever b1 < b2.
Define a map fy :P →[0,1] by
fy(z)=
∨{
b ∈ B: y(b)6 z}. (1)
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Then fy(y) = 1 and fy(x) = 0. We show that fy is Lawson-continuous. For each α ∈
B\{0} and β ∈ B\{1},
f−1y
([0, a))= {z ∈ P : fy(z) < α}
= {P\↑y(b): b ∈B and b < α},
f−1y
(
(β,1])=⋃{z ∈ P : fy(z) > β}
=
⋃{⇑y(b): b ∈ B and b > β}.
Therefore, by Lemma 2.2(2), fy is Lawson-continuous. Let f =∨y∈Fi fy . Then f is
Lawson-continuous and f (A)= {1} and f (x)= 0.
Case 2: A=↓A. By Lemma 3.1, x ∈ P\A ∈ σ(P ). Therefore, there is a u ∈ P\A with
u x . As in case 1, there exists a family {x(b): b ∈ B} ⊆ P such that
(i) x(0)= u, x(1)= x , and
(ii) x(b1) x(b2) whenever b1 < b2.
Define a map f :P →[0,1] by
f (z)=
∨{
b ∈B: x(b)6 z}. (2)
Then f is Lawson-continuous and f (x)= 1. For each a ∈A, u is not way below a since
u ∈ P\A. Therefore, f (a)= 0. Thus f (A)= {0}. 2
It is easy to check that the map fy defined by formula (2) preserves arbitrary meets.
Therefore, we get the following
Corollary 3.4 (ZFDCω). Let P be a continuous poset. Then ID↑(P, [0,1]) strongly
separates the points of P . Therefore, in the set theory ZFAC, P can be embedded iso-
morphically into a cube [0,1]X via a D-morphism.
Remark 3.5. The technique used in the proof of Theorem 3.3 is similar to that used
in the proof of Urysohn’s lemma. For the complete lattice o(X) of all open subsets of
a topological space X, define a binary relation ≺t on o(X) by U ≺t V if and only if
U ⊆ V . If X is a normal space, then ≺t satisfies (INT). For a pair F , G of disjoint
closed subsets of a normal space, by the normality of X, there is an open set U such
that F ⊆ U ⊆ U ⊆X\G. The main technique used in the proof of Urysohn’s lemma is to
construct a family {U(b): b ∈B} ⊆ o(X) such that
(1) U(0)=U , U(1)=X\G, and
(2) U(b1)≺t U(b1) whenever b1 < b2.
Let P and Q be two posets. A pair (f, g) of maps f :P →Q and g :Q→ P is called a
Galois connection or an adjunction between P and Q provided that
(1) both f and g are order preserving, and
(2) the relation f (p)> q and p > g(q) are equivalent for all pairs of elements (p, q) ∈
P ×Q.
In an adjunction (f, g), the map f is called the upper adjoint and g the lower adjoint.
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Remark 3.6. It is easy to prove the following result: Let P and Q be directed complete
posets. If f :P → Q preserves directed sups (that is, f is Scott-continuous) and has a
lower adjoint, then f is Lawson-continuous.
Let P be a continuous poset in which the least element 0 exists. Then the map fy defined
by formula (1), has a lower adjoint. In fact, define gy : [0,1]→ P by
gy(0)= 0, and gy(t)=
∨{
y(b): b ∈ B and b < t}, if 0< t. (3)
Then (fy, gy) is an adjunction between P and [0,1]. Similarly, the same type map f
defined by the formula (2) has a lower adjoint too. Therefore, the theorem above can be
strengthened as follows:
Theorem 3.7 (ZFDCω). Let P be a continuous poset in which the least element 0 exists.
(1) For each nonemptyA ∈ λ(P )↓ and a point x /∈A, there exists a Lawson-continuous
function f : (P, δ)→ [0,1] such that f has a lower adjoint and f (A) = {0} and
f (x)= 1.
(2) If ω(P) = λ(P )↓, then for each nonempty A ∈ λ(P )↑ and a point x /∈ A, there
exists a finite family {fi :P → [0,1] | i = 1,2, . . . , n} of Lawson-continuous
functions such that each fi has a lower adjoint and (
∨n




Corollary 3.8 (ZFDCω). Let P be a continuous poset in which the least element 0 exists.
Then HomD(P, [0,1]) strongly separates the points of P .
If P is, in addition, a semilattice, then the map
∨n
i=1 fi :P → [0,1] in Theorem 3.6(2)
has a lower adjoint too. Hence, we get the following:
Theorem 3.9 (ZFDCω). Let P be a continuous semilattice in which the least element 0
exists. If ω(P)= λ(P )↓, then for each nonempty Lawson-closed lower (respectively upper)
set A and a point x /∈ A, there exists a Lawson-continuous function f : (P, δ)→ [0,1]
which has a lower adjoint such that f (A)= {0} and f (x)= 1 (respectively f (A)= {1}
and f (x)= 0).
Example 3.10. Let P be infinite antichain (that is, x 6 y in P ⇒ x = y). Then P is a
continuous poset and x  x for all x ∈ P . It is easy to see that λ(P )↓ is discrete and
ω(P)= {P\F : F ⊆ P is finite}. Hence λ(P )↓ >ω(P).
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